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Abstract. We introduce a canonical spanning surface obtained from a knot 
or link diagram depending on a given Kauffman state, and give a sufficient 
condition for the surface to be essential. By using the essential surface, we can 
see the triviality and splittability of a knot or link from its diagrams. 



1. Introduction 

In 1930, Frankl and Pontrjagin ([5]) proved the existence of a Seifert surface for 
any knot, and after in 1934, Seifert ([H]) gave an algorithm to construct a Seifert 
surface from a knot diagram. Following the Scifert's algorithm, we can construct a 
spanning surface from a knot diagram depending on a given Kauffman state f [10j). 
In this paper, we give a sufficient condition for the spanning surface to be essential, 
and by using the essential surface, we show that a knot or link is trivial (resp. split) 
if and only if the diagram is trivial (resp. split) under the sufficient condition. 

Let if be a knot or link in the 3-sphere S* 3 and D a connected diagram of K on the 
2-sphere S 2 which separates S 3 into two 3-balls, say B + , Let C = {c%, . . . , c n } 
be the set of crossings of D. A map a : C — > {+, — } is called a state for D. For each 
crossing q G C, we take a +-smoothing or — smoothing according to er(cj) = + or 
— . See Figure Q] Then, we have a collection of loops l±, . . . , l m on S 2 and call those 
state loops. Let C a = {/i, . . . , l m } be the set of state loops. 






crossing +-smoothing — smoothing 

Figure 1 . Two smoothings of a crossing 

Each state loop U bounds a unique disk di in B— , and we may assume that these 
disks are mutually disjoint. For each crossing Cj and state loops U, Ik whose subarcs 
replaced Cj by o~(cj )-smoothing, we attach a half twisted band bj to di,dk so that 
it recovers Cj. See Figure [2] for er(ej) = +• In such a way, we obtain a spanning 
surface which consists of disks d\, . . . , d m and half twisted bands b\ , . . . , b n and call 
this a a -state surface F a . 

Remark 1.1. Here we mention some historical remarks. 
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(1) The state surfaces corresponding to the positive state cr+ (that is, <7+(cj) = 
+ for all j) and negative state er_ (that is, cr_(cj) = — for all j) were 
considered for alternating links already in XIX century by Tait (and are 
called Tait surfaces). 

(2) The state surface corresponding to the Seifert state a (that is, a state 
determined by an orientation of the knot), which gives the Seifert surface, 
was introduced by H. Seifert in [2~T| . 

(3) Independently, J. H. Przytycki had already thought about the concept of 
using a surface for any Kauffman state. See a footnote on page 10 in [2"0] . 




Figure 2 . Recovering a crossing by a half twisted band 

We may assume that F a intersects N(K) in its collar N(dF (7 ; F a ), and overuse 
the symbol F a instead of F„ n E(K), where N{K) denotes the regular neighbour- 
hood of K in S 3 and E{K) denotes the exterior of K . We take a (twisted) /-bundle 
F a xl over F a in E{K), and call the associated <9 /-bundle F a xdl over F a the in- 
terpolating surface obtained from F„ and denote it by F a since it is a double cover 
of F„. Note that any interpolating surface F a is orientable, and it is connected if 
and only if F a is non-orientable. 

We construct a graph G a with signs on edges from F„ by regarding a disk di as 
a vertex Vi and a band bj as an edge ej which has the same sign o~{cj ) . We call the 
graph G a a a-state graph. In general, a graph is called a block if it is connected 
and has no cut vertex. It is known that any graph has a unique decomposition into 
maximal blocks. Following [11] and [3], we say that a diagram D is a -adequate if 
G a has no loop, and that D is a -homogeneous if in each block of G CT , all edges have 
a same sign. We remark that any diagram of any link is er-adequate for some state 
a, and er'-homogeneous for some state a', where these states a, a' do not coincide 
generaly. 

Remark 1.2. As pointed out in 4], the definition of adequate seems to be slightly 
different. See Example 11.71 for the consistency with the original definition. 

Example 1.3. Let D be a diagram of the figure eight knot which has 4-crossings 
ci,C2,C3,C4 as Figure [3l To make a a-state surface, let er(ci) = 17(02) = o{cj) — 
er(c4) = — for example. Since the er-state graph G a has no loop and all edges have 
a — sign as Figure |H D is er-adequate and tr-homogeneous. 
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diagram state loops a -state surface 



FIGURE 3. Making a cr-state surface 




o -state graph 



Figure 4. er-state graph 

Example 1.4. Let D be a diagram of the figure eight knot which has 4-crossings 
c i,C2,C3,C4 as Figure [5) To make a cr-state surface, let er(ci) = c(c2) = — and 
<j(cz) = 17(04) = + for example. Since the cr-state graph G a has no loop and 
all edges in each block have a same sign as Figure [6j D is cr-adequate and cr- 
homogeneous. Moreover, the block decomposition of G a corresponds to a Murasugi 
decomposition of F ai see Figure 12^41 




diagram state loops a-state surface 



FIGURE 5. Making a cr-state surface 
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G-state graph blocks 



Figure 6. cr-state graph and its blocks 




Figure 7. corresponded Murasugi decomposition 

Example 1.5. For any positive diagram D, there exists a state a such that D is 
cr-adequate and cr-homogeneous. Indeed, we can take a so that er(cj) = + for all 
Cj, namely, the positive state cr + . Also we can take a so that it yields a canonical 
Seifert surface F a , namely, the Seifert state a. Note that these states cr+ and a 
coincides on a positive diagram. 

Example 1.6. For any alternating diagram D without nugatory crossings, there 
exist two states <ji, 02 such that D is ^-adequate and at -homogeneous for i = 1, 2. 
Indeed, we can take <j\ = cr+ (or <j\ = <t_) and &i = a. 

Example 1.7. We say that a diagram D is homogeneous ([3]) if D is <x- homogeneous 
for a Seifert state o\ Note that D is automatically cr-adequate since the cr-state 
surface Fg is orientable and thus Gg has no loop. 

We say that a diagram D is semi-adequate if D is cr-adequate for a positive 

state cr+ or a negative state cr_. Note that I? is automatically o~± -homogeneous 
since cr±(cj) = ± for all j. 
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We say that a diagram D is adequate ( 22J ) if D is cr-adequate for both of a 
positive state cr+ and a negative state cr_. Note also that D is automatically a±- 
homogeneous since o~±(cj) = ± for all j. 

Example 1.8. For any arborescent link L such that an absolute value of each 
weight is greater than 1, there exists a diagram D of L and a state a such that D 
is cr-adequate and c-homogeneous. Indeed, an arborescent link L is the boundary 
of a cr-state surface which is a Murasugi sum of twisted annuli or Mobius bands. 
See [8] for the definition and the construction of surfaces for arborescent links. 

We review a definition of essential surfaces. 

Let M be an orientable compact 3-manifold, F a compact surface properly 
embedded in M, possibly with boundary, except for a 2-sphere, and i denote 
the inclusion map F C M. We say that F is Ttx-injective if the induced map 
i* : Tti(F) — > 7Tx(-M) is injective, and that F is d-ni- injective if the induced map 
i* : %x(F,dF) — > wi(M,dM) is injective for every choice of two base points in 
dF. A surface F in M is ix\-essential if i 7, is 7Ti-injective, 9-7Ti-injective and not 
9-parallel in M. 

A disk D embedded in M is a compressing disk for _F if D n F — dD and <9D 
is an essential loop in F. A disk D embedded in M is d- compressing disk for F if 
D n F C 3D is an essential arc in F and D n 9M = dD - int(D n F) . We say that F 
is incompressible (resp. d -incompressible) if there exists no compressing disk (resp. 
<9-compressing disk) for F . A surface F in M is essential if i* 1 is incompressible, 
(^-incompressible and not 9-parallel in M. 

We remark that a cr-state surface F a is 7Ti-essential in E{K) if and only if the 
interpolating surface F a obtained from F a is essential in E(K). 

The following main theorem gives a sufficient condition for the state surface to 
be 7Ti-essential. 

Theorem 1.9. If a diagram is both cr-adequate and a -homogeneous for some state 
a, then the a -state surface is ni-essential. 

If F a is non-orientable and ni -essential, then the interpolating surface F a is 
essential and separating. Therefore, the knot satisfies the Neuwirth conjecture 
([15|): for any non-trivial knot K, there exists a closed surface S containing K 
non-separately such that S fl E(K) is essential in E(K). 

Corollary 1.10. If a diagram is a-adequate and a -homogeneous for a state a except 
the Seifert state a, then the knot satisfies the Neuwirth conjecture. 

Remark 1.11. D. Futer, E. Kalfagianni and J. Purcell ([B]) gave an estimate for the 
hyperbolic volume of adequate knots by using the guts of state surfaces. 

Remark 1.12. We can construct a spanning surface other than F a from a state a 
by bounding a disk d[ to a loop U in B + . Theorem 11.91 holds for all state surfaces 
obtained by such a method. Moreover we can construct a branched surface same as 
in [9] which consists of disks d\ , . . . , d m in D_ and disks d[ , . . . , d' m in B + bounded 
by l\, . . . , l m respectively, and half twisted bands b\,...,b n . 

Remark 1.13. Suppose that a diagram D is cr-adequate and cr-homogeneous for a 
state cr. If F a is orientable, then it is minimal genus Seifert surface by [jj Theorem 
2] or [3, Corollary 4.1]. Contrastively, M. Hirasawa pointed out that a similar 
phenomenon is not caused in the non-orientable case. Indeed, there exist 2-bridge 
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links with two continued fractions —3 2 — 2 3 and 2 3 2, where the notation follows 
the Adams's knot book ([!]). 

Remark 1.14. A proposition contrary to Theorem 11.91 does not hold generally. It is 
true that if a c-state surface F a is 7Ti-essential, then the diagram D is cr-adequate. 
However, in general, it is not true that if a cr-state surface F a is 7Ti-essential, then 
the diagram D is a- homogeneous. 

By using a 7Ti-essential state surface, we can show the next theorem which assure 
us that we can see the triviality and splittability of a knot or link from its diagram. 
In this paper, we say that a diagram D is non-trivial if it contains at least one 
crossing, and that D is non-split if is is connected. 

Theorem 1.15. Let K be a knot or link which admits a a-adequate and a- 
homogeneous diagram D without nugatory crossings for some state a. Then. 

(1) D is non-trivial if and only if K is non-trivial. 

(2) D is non-split if and only if K is non-split. 

The determining problem for the triviality and splittability was solved about 
the following classes. For the triviality, alternating knots ([13]), homogeneous links 
([3j), semi-adequate links ([22]) and Montesinos knots ([H])- For the splittability, 
alternating links ([E]), homogeneous links ([3]), semi-adequate links ([22]) and 
positive links f |16|). 

The Hasse diagram of various classes of knots and links are illustrated in Figure [8] 
Here, almost all algebraic links have cr-adequate and a-homogeneous diagrams for 
some state a (see Example ll.8j) . but some algebraic links seem to be not cr-adequate 
and cr-homogeneous for any state a (see Figure [9|). Algebraically alternating knots 
and links are defined in [T5] and some results on closed incompressible surfaces are 
obtained. 



algebraically cr- adequate & 

alternating a- homogeneous 




pretzel 2-bridge torus 



Figure 8. The Hasse diagram for the set of knot diagrams par- 
tially ordered by inclusion 

2. Lemmas 

The next lemma holds even if K is a link and E(K) — F is irreducible. 
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Figure 9. a diagram of algebraic link which is not a- adequate 
and (T-homogeneous 

Lemma 2.1 f [171 Lemma 2]). Let K be a knot in S 3 and F an incompressible 
orientable surface properly embedded in E(K). If F is d- compressible in E(K), 
then F is a d-parallel annulus. 

Similarly we have; 

Lemma 2.2 ( [19| Lemma 2.2]). Let K be a knot in S 3 and F a iri-injective non- 
orientable surface properly embedded in E(K). If F is not d-ni-injective, then F 
is an unknotted, half-twisted Mobius band and K is trivial. 

Lemma 2.3 (0 Theorem 9.8], [14, Proposition 2.3], 17, Theorem 2, 3]). Let D 
be a reduced, prime, alternating diagram. Then the checkerboard surface obtained 
from D is it \- essential. 

Let F be a spanning surface for a link K. Suppose that there exists a 2-sphere 5* 
decomposing S 3 into two 3-balls B\ , B2 such that F n S is a disk. Put Fi — F n Bi 
for i = 1,2. Then we say that F has a Murasugi decomposition into F\ and F2 and 
we denote by F = Fi * F2. Conversely, we say that F is obtained from Fx and F2 
by a Murasugi sum along a disk F D S. 

Next key lemma extends Theorem 1] to non-orientable surfaces. 

Lemma 2.4. If F± and F2 are m-essential, then F — F\ * F2 is also tt±- essential. 

Proof. We will show that the interpolating surface F = Fxdl is essential. We note 
that by p~7l Claim 9], F, F\ and F2 are incompressible and (^-incompressible in 
Fxl, F±xl and F 2 xl respectively. 

Let C be a compressing disk for F in the outside of Fxl. Put E = S— mt(FnS). 
We may assume that C and E are in general position, and that the number of 
components of C n E is minimal over all compressing disks C. If G PI E = 0, then C 
is a compressing disk for F\ or Fz- Otherwise, CHE consists of arcs, say a\, . . . , a p , 
and let Si, ... ,S q be subdisks on C separated by a>i U • ■ ■ U a p . For each arc otu, put 
dak = U a t . A subarc N(af;dC) runs over the disk F f~l S and F — S. Then, 
we mark with an arrow so that it runs from F n S to F — S. See Figure fTUl 

Claim 2.5. For an outermost arc ctk and the corresponding outermost disk Si, 
both arrows at turn out from Si (as in the right side of Figure 1 10[) . 

Proof. Without loss of generality, we may assume that Si C B\. First, suppose that 
both arrows at a k turn into Si. There exists an arc a' k which connects a k and a k 
on FnS, and the loop ak Ua' fc bounds a disk 5[ in i?2- Then, Si yj5[ is a compressing 
disk for F\ since we assumed that the number of components of C l~l £7 is minimal. 

Next, suppose that one arrows at a k turns into Si and another turns out from 
Si. Similarly, there exists an arc a' k which connects a k and a k on F n 5, and the 
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c 



5 



B 



B 2 ^ 



S 





N(a k + ;8C) 




Figure 10. Marking a* with an arrow and an induced orientation 
by a k 



loop ttfc U a' k bounds a disk 5[ in B2 ■ Then, 81 U 8[ is a 9-compressing disk for F\ 
since we assumed that the number of components of C R E is minimal.. In cither 



We construct a graph G on C as follows. We assign a vertex vi to each subdisk 
81, and connect two vertices by an edge e k if the two corresponding subdisks have 
a common arc a k of C (~l -B. Note that G is a tree since any arc a k separates 8. 
Since by Claim 12. 51 both arrows at the boundary of an outermost arc are turn 
out from the corresponding outermost disk, we can assign an orientation to the 
corresponding outermost edge naturally. We call such orientation of an edge e k an 
induced orientation by a k ■ See Figure 1101 

A vertex of G has a depth x if it becomes to be a degree 1 or vertex after 
removing all vertices having a depth less than x, where a; is a natural number. 
We define vertices corresponding to outermost subdisks as depth 1. See Figure [TT1 
where the depth of each vertex is indicated. 

Claim 2.6. Any edge of G has an induced orientation and any vertex has a source. 

Proof. We prove by an induction on a depth of vi . In case of depth 1 , it was shown 
by Claim Next, suppose that Claim [231 holds for vertices having a depth less 
than x, and vi has a depth x. Let N <x (vi) be the set of vertices adjacent to uj and 
having a depth less than x. Since G has no cycle, any vertex in N <x (vi) has a source 
to vi . Without loss of generality, we may assume that 81 C Bi. In a case that vi 
becomes to be a degree vertex after removing all vertices having a depth less than 
x, Si can be extended to a compressing disk for F\. In a case that vi becomes to be 
a degree 1 vertex after removing all vertices having a depth less than x, let e k be 
the edge connecting vi to a vertex except for N <x (v{), and a k be the corresponding 
arc. First, suppose that both arrows at turn into Si. Then, by extending Si with 

disks in B2, we obtain a compressing disk for F\. Next, suppose that one arrows at 
turns into 81 and another turns out from Si . Then, by extending Si with disks in 
B2, we obtain a 9-compressing disk for JPx< hi cither cases, we have a contradiction. 
Hence, e k has an induced orientation by a k , and vi has a source. □ 



cases, we have a contradiction. 



□ 
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Figure 11. C n E and the corresponding graph G on C 

Claim l2~6l leads us to a contradiction since G is a tree. Hence F is incompressible. 
If F is 9-compressible, then by Lemma I2TTI it is 9-parallel annulus. Thus F is a not 
(9-7Ti-injective Mobius band and hence one of F\ and F<i is also a not i9-7Ti-injective 
Mobius band. This contradicts that both of F\ and F2 are 7Ti-essential. □ 

3. Proofs of Theorems 

Proof, (of Theorem II. 9p Suppose that a diagram D is cr-adequate and a- 
homogeneous for some state a. Then the cr-state graph G a is decomposed into 
maximal blocks G\ , . . . , G n each of which has no loop and all edges in each block 
have the same sign. Let F\ , . . . , F n be the corresponding cr-state surfaces with 
Gi, . . . , G n . Then for each i, the boundary dFi represents an alternating diagram 
which is reduced and prime since Gi has no loop and the block decomposition is 
maximal. By Lemma [2731 F{ is 7Ti -essential for each i, and by Lemma 12731 F is also 
7Ti-essential. □ 

Proof, (of Theorem 11.1 B|) Let K be a knot or link which admits a cr-adequate and 
a- homogeneous diagram D without nugatory crossings. By Theorem ll.9l a cr-state 
surface F a is 7Ti-essential. 

(1) Suppose that K is non-trivial. Then, any diagram of K has at least one 
crossing. Hence, D is non-trivial. Conversely suppose that D is non-trivial. Since 
D has at least one crossing and does not have nugatory crossings, there exists a 
component of F a which is not a disk. This shows that K is non-trivial. 

(2) Suppose that K is non-split. Then, any diagram of K is connected. Hence, 
D is non-split. Conversely, suppose that D is non-split. Since D is connected, F a 
is also connected. It follows from a cut and paste argument on a splitting sphere 
that K is non-split. □ 

4. Problems 

Here, we list the problems that we should solve in the future. 
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(1) Show that there exists a knot which has no cr-adequate and a- homogeneous 
diagram. Furthermore, characterize the nature of knots and links which 
have cr-adequate and cr-homogeneous diagrams. 

(2) Determine primeness, satelliteness, fiberness, smallness and tangle decom- 
posability from a given cr-adequate and cr-homogeneous diagram. 

(3) Show that for a given knot, the number of all cr-adequate and cr- 
homogeneous diagrams without nugatory crossings is finite. 

(4) Classify all knots and links which have cr-adequate and cr-homogeneous 
diagrams. 

The author believe essential state surfaces to be useful for solving these problems. 

Acknowledgement. The author would like to thank Prof. Kouki Taniyama for 
suggesting a research on adequate knots and links by a geometrical method, and 
thank Prof. Jozcf H. Przytycki for letting me know the positive or negative state 
and the Seifert state. 
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